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Abstract
It is shown that for anyW weakly compact set of a real Banach space X, the set L∞(µ,W )
is N -simultaneously proximinal in L∞(µ,X) for arbitrary monotonous norm N in R
n.
1 Introduction
Throughout this paper, (X, ‖·‖) is a real Banach space andBX∗ is the closed unit ball ofX
∗,
the dual of X, with σ(X∗,X)-topology. Let (Ω,Σ, µ) be a complete probability space and
L∞(µ,X) the Banach space of all µ-measurable and essentially bounded functions defined
on Ω with values in X endowed with the usual norm
‖f‖∞ = ess sup
s∈Ω
‖f(s)‖
for every f ∈ L∞(µ,X) (see [1]).
Let n be a positive integer. We say that a norm N in Rn is monotonous if for every
t = (ti)1≤i≤n, s = (si)1≤i≤n ∈ R
n such that |ti| ≤ |si| for i = 1, . . . , n we have
N(t) ≤ N(s).
Let Y be a subset of X, we say that y0 ∈ Y is a best N–simultaneous approximation
from Y of the vectors x1, . . . , xn ∈ X if
N
(
‖x1 − y0‖, . . . , ‖xn − y0‖
)
≤ N
(
‖x1 − y‖, . . . , ‖xn − y‖
)
,
for every y ∈ Y . If every n-tuple of vectors x1, . . . , xn ∈ X admits a best N–simultaneous
approximation from Y , then Y is said to be N–simultaneously proximinal in X. Of course,
for n = 1 the preceding concepts are just best approximation and proximinality.
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When Y is a reflexive subspace ofX, it was proved in [6] thatL∞(µ, Y ) isN–simultaneously
proximinal inL∞(µ,X). We have also obtained similar results in the Banach space L1(µ,X)
of X-valued Bochner µ-integrable functions defined on Ω (see [3], [5]).
Our purpose is to study the N -simultaneous proximinality of the set L∞(µ,X) defined
by
L∞(µ,W ) = {g ∈ L∞(µ,X) : g(s) ∈W for a.e. s ∈ Ω},
for certain subsetsW of X".
2 Preliminaries
By using the theory of lifting (see, [2, p. 59]), the next remark and lemma will explain how
we can pass from measurable functions to continuous functions. Let ρ be a lifting of Σ and
τρ is the associated lifting topology (a base for this topology is {ρ(A) \ B : A ∈ Σ, B is a
null set}).
Remark 2.1 ([4, p.1100]). For any simple function f =
n∑
i=1
χAixi, where x1, . . . , xn ∈ X
and A1, A2, . . . , An ∈ Σ, the simple function f =
n∑
i=1
χρ(Ai)xi, f : (Ω, τρ) −→ (X, ‖ · ‖),
is continuous and f = f except on a null set A ⊂ Ω, thus f : (Ω \ A, τρ) −→ (X, ‖ · ‖), is
continuous.
Remark 2.2 ([4, p.1100]). Let f : Ω −→ X be a bounded and µ-measurable function. Then
there is null set A ⊂ Ω such that f : (Ω \A, τρ) −→ (X, ‖ · ‖) is continuous. Also
‖f‖∞ = ess sup
s∈Ω
‖f(s)‖ = sup
s∈Ω\A
‖f(s)‖
and the function f˜ : (Ω \ A) × BX∗ −→ R (with product topology on (Ω \ A) × BX∗),
defined by f˜(s, x∗) = x∗(f(s)) for any (s, x∗) ∈ (Ω \ A)×BX∗ , is continuous.
We need a definition and a few previous results. Let E be a topological space and Cb(E)
the Banach space of all real-valued continuous functions on E with norm-sup topology. Let
N be the set of natural numbers and N∗ = N ∪ {∞}.
Lemma 2.3 ([4, Lemma 1]). Let E be a topological space, {gn : n ∈ N
∗} a sequence
of uniformly bounded, real-valued continuous on E and φ : E −→ (RN
∗
, with ℓ∞-norm),
φ(x) =
(
gn(x)
)
1≤n≤∞
. Putting F = φ(E), F its closure in RN
∗
, we get a sequence of
uniformly bounded, real-valued continuous functions (hn)1≤n≤∞ on the compact space F :
for any y = (yn)1≤n≤∞, hn(y) = yn. Then: hn −→ h∞ pointwise on F iff gn −→ g∞
weakly in the Banach space Cb(E) with norm-sup topology.
Definition 2.4. Let x1, . . . , xn be vectors inX, we say that a sequence (yk)k≥1 in Y ⊂ X is
N -simultaneously approximating to x1, . . . , xn in Y , if
lim
k→∞
N
(∥∥x1 − yk∥∥, . . . ,∥∥xn − yk∥∥) = inf
z∈ Y
N(‖x1 − z‖, . . . , ‖xn − z‖).
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Lemma 2.5 ([5, Lemma 1]). Let x1, . . . , xn be vectors in X, and let (yk)k≥1 be a N -
simultaneously approximating sequence to x1, . . . , xn in Y ⊂ X. Assume that (yk)k≥1 is
weakly convergent to y0 ∈ Y . Then y0 is a best N -simultaneous approximation from Y of
x1, . . . , xn.
3 Main result
We can finally prove the main result.
Theorem 3.1. LetW be a weakly compact subset ofX. ThenL∞(µ,W ) isN–simultaneously
proximinal in L∞(µ,X).
Proof. Let f1, . . . , fn be functions in L∞(µ,X), and let (gm)m≥1 ⊂ L∞(µ,W ) be a N -
simultaneously approximating sequence to f1, . . . , fn in L∞(µ,W ). We have
lim
m→∞
N
(
‖f1 − gm‖∞, . . . , ‖fn − gm‖∞
)
= inf
h∈L∞(µ,W )
N(‖f1 − h‖∞, . . . , ‖fn − h‖∞).
For a fixed arbitrary s ∈ Ω, we have a sequence (gm(s))m≥1 ⊂ W . Since W ⊂ X
is weakly compact, then (gm(s))m≥1 has a weakly convergent subsequence, which again
denote by (gm(s))m≥1. Let us denote g∞(s) its weak limit. Consider the map g∞ : Ω −→W
defined as
g∞(s) := w − lim
(
gm(s)
)
i.e. (gm(s))m≥1 converge to g∞(s) in the weak topology of X.
Therefore for each x∗ ∈ X∗ the numerical function x∗(g∞) is µ-measurable. So g∞ is
weakly µ-measurable.
On the other hand for eachm ∈ N, gm is µ-essentially separably valued, i.e., there exists
Am ∈ Σ with µ(Am) = 0 and such that gm(Ω \ Am) is a norm separable subset of X. For
eachm let us pick a dense and countable subset, Dm, of gm(Ω \ Am). Then the set
Y = conv
( ∞⋃
m=1
Dm
)
is norm closed and separable. For everym ∈ N and s ∈ Ω \Am we have gm(s) ∈ Y . Since,
g∞(s) its weak limit of (gm(s))m≥1 for a.e. s ∈ Ω, we obtain that g∞(s) ∈ Y for a.e. s ∈ Ω.
Thus g∞ is µ-essentially separably valued. Therefore, the Pettis Measurability Theorem [1,
p. 42] guarantees that the function g∞ : Ω −→ X is µ-measurable.
Since (gm(s))m≥1 is weakly convergent to g∞(s) ∈W for a.e. s ∈ Ω, then (gm(s))m≥1
is bounded and
‖g∞(s)‖ ≤ lim inf
m→∞
‖gm(s)‖
for a.e. s ∈ Ω. Therefor, g∞ ∈ L∞(µ,W ).
From the above observations (Remarks 2.1 and 2.2), it follows that there is a null set
A ⊂ Ω such that the functions gm : (Ω\A, τρ) −→ (X, ‖·‖) are continuous for 1 ≤ m ≤ ∞.
This mean
g˜m : (Ω \ A)×BX∗ −→ R
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are continuous for 1 ≤ m ≤ ∞ and the set {g˜m : m ∈ N
∗} is uniformly bounded. Putting
E = (Ω \ A) × BX∗ (with product topology defined by lifting topology τρ and weak star
topology on the dual X∗ of X) and (RN
∗
, ‖ · ‖ℓ∞), where
‖(xm)1≤m≤∞‖ℓ∞ := sup
1≤m≤∞
|xm|,
for any (xm)1≤m≤∞ ∈ R
N∗ . Consider the map φ : E −→ RN
∗
defined by
φ(s, x∗) =
(
g˜m(s, x
∗)
)
1≤m≤∞
.
Let F = φ(E) and F its closure in (RN
∗
, ‖ · ‖ℓ∞). We have the same conditions as
Lemma 2.3, then we get a sequence of uniformly bounded, real-valued continuous func-
tions (hm)1≤m≤∞ on the compact Hausdorff space F : for any y = (ym)1≤m≤∞ ∈ F ,
hm(y) = ym.
Finally, we prove that hm −−−−→
m→∞
h∞ pointwise on F . Let y = (ym)1≤m≤∞ ∈ F , there
is a sequence
(
(sk, x
∗
k)
)
k≥1
⊂ E such that
‖φ(sk, x
∗
k)− y‖ℓ∞ = ‖(g˜m(sk, x
∗
k))1≤m≤∞ − (ym)1≤m≤∞‖ℓ∞
= sup
1≤m≤∞
|g˜m(sk, x
∗
k)− ym| = sup
1≤m≤∞
|x∗k(gm(sk))− ym| −−−→
k→∞
0.
This implies that
|x∗k(gm(sk))− ym| −−−→
k→∞
0, for all 1 ≤ m ≤ ∞.
Since, g∞(s) its weak limit of (gm(s))m≥1 for a.e. s ∈ Ω, we obtain that
|x∗k(gm(sk))− x
∗
k(g∞(sk))| −−−−−→
k,m→∞
0.
Therefor
|hm(y)− h∞(y)| ≤ |ym − x
∗
k(gm(sk))|+ |x
∗
k(gm(sk))− x
∗
k(g∞(sk))|+
+ |x∗k(g∞(sk))− y∞| −−−−−→
k,m→∞
0.
So using the result of Lemma 2.3, we get g˜m −→ g˜∞ weakly. Therefor gm −→ g∞
weakly in L∞(µ,W ). Therefore by Lemma 2.5, we have g∞ is a best N -simultaneous
approximation from L∞(µ,W ) of f1, . . . , fn.
Remark 3.2. Observe that the previous theorem, we prove that: let f1, . . . , fn be a functions
in L∞(µ,X). Let g : Ω −→ W be a µ-measurable function such that g(s) is a N -best
simultaneous approximation of {f1(s), . . . , fn(s)} ⊂ X in W for almost all s ∈ Ω. Then
g is a N -best simultaneous approximation of {f1, . . . , fn} ⊂ L∞(µ,X) in L∞(µ,W ). In
general ifW is not weakly compact subset of X, this result is fails.
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